Abstract. We construct an infinite family {C n,k } ∞ k=1 of corks of Mazur type satisfying 2n ≤ sc sp (C n,k ) ≤ O(n 3/2 ) for any positive integer n. Furthermore, using these corks, we construct an infinite family {(W n,k , W n,k )} ∞ k=1 of exotic pairs of 4-manifolds with boundary whose special shadow-complexities satisfy the above inequalities. We also discuss exotic pairs with small shadow-complexity.
Introduction
A complexity of manifolds is an invariant of manifolds which measures how they are simple or complicated. In dimension 4, Costantino introduced shadow-complexity by using Turaev's shadow [12, 23] . For a compact oriented smooth 4-manifold M with boundary, a shadow of M is a simple polyhedron properly embedded in M such that it is locally flat and a strongly deformation retract of M . The shadow-complexity of M , denoted by sc(M ), is defined as the minimal number of true vertices of a shadow of M . We refer the reader to Costantino [12] and Martelli [18] for studies of classification of 4-manifolds according to the (special) shadow-complexity. It is known that the shadow-complexity has a crucial relation with the Gromov norm · of the boundary 3-manifolds. Costantino and Thurston [13] showed that
for any geometric 3-manifold N , where C 1 and C 2 are some universal constants and a shadow of N is defined as a shadow of a 4-manifold bounded by N . In particular, N has hyperbolic pieces if and only if sc(N ) ≥ 1. By definition, we have sc(∂M ) ≤ sc(M ) for any 4-manifold M , and hence we can intuitively say that a 4-manifold bounded by a 3-manifold with high hyperbolicity has a large shadow-complexity. Now we focus on an attractive world of dimension 4. Here exotic is used in the sense that homeomorphic but not diffeomorphic. A 4-manifold does not always have a unique smooth structure. It is well-known that any manifold exotic to a given closed and simply-connected 4-manifold can be obtained by removing and regluing a contractible submanifold [19, 15] . This submanifold is called a cork. We can assume that a cork is a compact Stein surface due to [5] . A cork plays significant roles in the study of smooth structures of 4-manifolds. By using corks, many exotic pairs were found by Akbulut and Yasui [7] . They also constructed finitely/infinitely many exotic pairs from a single cork [8, 9, 24] . Corks are also related to some other topics, for example [17, 25] .
The shadow-complexity works in a rough classification of corks. In the previous work [20] , the author found infinitely many corks with shadowcomplexity 1 and 2. He also showed in [21] that any acyclic 4-manifold with shadow-complexity zero is diffeomorphic to the 4-ball. In other words, there are no corks having shadow-complexity zero. Note that the special shadowcomplexity sc sp (M ) of a manifold M is defined as the minimal number of true vertices of a shadow of M having only disk regions. The property that each region is a disk is required to perform hyperbolic Dehn fillings. The following is the main result in this paper. Theorem 1.1. For any positive integer n, there exists an infinite family {C n,k } ∞ k=1 of corks of Mazur type such that 2n ≤ sc sp (C n,k ) ≤ O(n 3/2 ).
More precisely, sc sp (C n,k ) is bounded above by a function D(n) given by
√ 4π 2 n − 1 + n + 2 4π 2 n − 1/4 (n : odd) (n − 2) √ 4π 2 n − 1 + n + 4 4π 2 n − 1/4 − 2 (n : even),
where · is the ceiling function.
We will show that each C n,k is a cork, the upper bound, the lower bound and the infiniteness in Lemmas 3.1, 3.2, 3.3 and 3.5, respectively. Theorem 1.1 is straightforward from these lemmas.
The shadow-complexity sc(M, M ) of a pair of 4-manifolds M and M is defined to be the maximum between sc(M ) and sc(M ). The special shadowcomplexity sc sp (M, M ) is similarly defined. In [12] , Costantino asked the following question: what is the lowest shadow-complexity/special shadowcomplexity of exotic pairs of closed/nonclosed 4-manifolds? Recently, Akbulut and Ruberman [6] introduced a new notion called relatively exotic. A pair (M, f ) of a manifold M with boundary and a diffeomorphism f : ∂M → ∂M is called a relatively exotic manifold if f extends to a self-homeomorphism of M but does not extend to any self-diffeomorphism of M . In this paper, we conveniently call M a relatively exotic manifold. Now we reformulate Costantino's question. (1) What is the lowest shadow-complexity of exotic pairs of closed 4-manifolds? (2) What is the lowest special shadow-complexity of exotic pairs of closed 4-manifolds? (3) What is the lowest shadow-complexity of exotic pairs of 4-manifolds with boundary? (4) What is the lowest special shadow-complexity of exotic pairs of 4-manifolds with boundary? (5) What is the lowest shadow-complexity of relatively exotic 4-manifolds? (6) What is the lowest special shadow-complexity of relatively exotic 4-manifolds?
Costantino produced upper estimates for Question 1.2 (1) and (4). More precisely, he mentioned in [12] that min sc(M, M ) ≤ 14 for exotic pairs of closed 4-manifolds M and M , and that min sc sp (M, M ) ≤ 3 for exotic pairs of 4-manifolds M and M with boundary.
We give the complete answer to Question 1.2 (3). Theorem 1.3. The 4-manifolds W 1 and W 2 with boundary given by the Kirby diagrams in Figure 1 are exotic, and the shadow-complexity of this pair is zero.
We next turn to Question 1.2 (4). We will investigate homeomorphism and diffeomorphism types of nonclosed 4-manifolds with shadow-complexity 0 in Proposition 4.2. This proposition and an easy discussion lead to the following. Theorem 1.4. The lowest special shadow-complexity of exotic pairs of 4-manifolds with boundary is 1 or 2.
Of course, a cork is a relatively exotic 4-manifold by definition (see Definition 2.1). The answers of Question 1.2 (5) and (6) are at most 1 since there are corks whose shadow-complexity and special shadow-complexity are 1. An anticork is also known as a relatively exotic 4-manifold [2, 3] , in which one example of anticork was introduced. We can check that its shadow-complexity and special shadow-complexity are also 1 by constructing a shadow and computing the hyperbolic volume of the boundary with the computer program SnapPy [14] . One might wonder whether relatively exotic 4-manifolds always have (special) shadow-complexity at least 1. We ask the following. Question 1.5. Does there exist a relatively exotic 4-manifold whose boundary has no hyperbolic pieces?
We note that a 3-manifold has (special) shadow-complexity zero if and only if it is a graph manifold [13, Proposition 3.31] .
As a consequence of Theorem 1.1, we have a result about exotic pairs having large shadow-complexity. Corollary 1.6. For any positive integer n, there exists an infinite family
of exotic pairs of 4-manifolds with boundary such that
where D(n) is the function in Theorem 1.1.
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Preliminaries
Throughout this paper, we assume that any manifold is compact, oriented and smooth, and that any map is also smooth.
2.1. Corks. A notion of cork has been known since 1991 by Akbulut [1] . It is shown that a cork appears for any exotic pair of closed and simplyconnected 4-manifolds by Matveyev [19] and by Curtis, Freedman, Hsiang and Stong [15] . The following is the definition of a cork. Definition 2.1. Let C be a contractible 4-manifold and f be an involution on ∂C. If f can not extend to any self-diffeomorphism on C, then (C, f ), or simply C, is called a cork.
Remark 2.2. It had been assumed that f can extend a self-homeomorphism on C, but this condition is always satisfied by being contractible (c.f. [10] ). A cork is assumed to be a compact Stein surface in several papers, for example [7] , though this assumption is excluded in recent papers.
A useful criterion to detect a cork by using a Kirby diagram is known as follows.
Proposition 2.3 (Akbulut and Matveyev [4] ). Let C be a 4-manifold that admits a Kirby diagram consisting of a dotted unknot K 1 and a 0-framed unknot K 2 . Then C is a cork if the following hold:
(1) the link K 1 K 2 is symmetric, that is, the components K 1 and K 2 are exchanged by an isotopy in S 3 ; (2) the linking number of K 1 and K 2 is ±1; (3) after exchanging the notation of 1-handle to the ball notation, K 2 can be placed in the Legendrian position with respect to the standard contact structure on ∂(B 4 ∪1-handle) ∼ = S 1 ×S 2 so that its ThurstonBennequin number is at least 1.
Such a cork is called a cork of Mazur type. We refer the reader to Akbulut and Yasui [7] for this proof. Moreover, they in [8] showed that infinite many mutually exotic 4-manifolds can be obtained from a cork of Mazur type. We note that (2) implies that C is contractible, and (1) and (3) imply that there is an involution on ∂C which is necessary for C to be a cork. The involution is described in the Kirby diagram by the exchange of • and 0. This carries out a surgery S 1 × B 3 to D 2 × S 2 , and then does a surgery the other
2.2. Shadows. If each point of a compact space X has a neighborhood homeomorphic to one of (i)-(v) in Figure 2 , then X is called a simple polyhedron. The set of points of type (ii), (iii) and (v) is called the singular set of X and denoted by Sing(X). A point of type (iii) is a true vertex, and each connected component of Sing(X) with true vertices removed is called a triple line. Each connected component of X \ Sing(X) is called a region. Hence a region consists of points of type (i) or (iv). A region is called an internal region if it contains no points of type (iv), and a boundary region otherwise. The boundary of X, denoted by ∂X, is defined as the set of points of type (iv) and (v). A simple polyhedron is said to be special if its regions are open disks. Figure 2 . The local models of a simple polyhedron.
Definition 2.4. Let M be a 4-manifold with boundary, and X ⊂ M be a simple polyhedron that is proper and locally flat in M . If X is a strongly deformation retract of M , then the polyhedron X is called a shadow of M . If X is special, then it is called a special shadow.
We remark that X is said to be locally flat in M if there is a local chart (U, ϕ) around each point x ∈ X such that ϕ(U ∩ X) is contained in R 3 ⊂ R 4 = ϕ(U ). It is easy to see that any handlebody consisting of 0-, 1-and 2-handles admits a shadow [23, 11] .
2.3. Gleams. For any simple polyhedron X, one can define the Z 2 -gleam on each internal region. Let R be an internal region, and i : F → X be a continuous map extended from the inclusion of R, where F is a compact surface whose interior is homeomorphic to R. Note that the restriction i| Int(F ) coincides with the inclusion of R, and that i(∂F ) ⊂ Sing(X). We now see that there exists a local homeomorphismĩ :F → X such that its image is a neighborhood of i(F ) in X, whereF is a simple polyhedron obtained from F by attaching an annulus or a Möbius strip along its core circle to each boundary component of F . Note thatF is determined up to homeomorphism from the topology of X. Here the Z 2 -gleam gl 2 (R) of R is defined to be 0 if the number of the attached Möbius strips is even, and 1 otherwise.
Definition 2.5. A simple polyhedron X is called a shadowed polyhedron if each internal region R is equipped with a half integer gl(R) such that gl(R) − (1) There exists a canonical way to construct a 4-manifold M X from a given shadowed polyhedron X such that X is a shadow of M X . This construction provides a smooth structure on M X uniquely.
(2) Let M be a 4-manifold admitting a shadow X. Then there exist gleams on internal regions of X such that M is diffeomorphic to the 4-manifold constructed from the shadowed polyhedron according to the way of (1).
The construction in (1) is called Turaev's reconstruction. A gleam plays a role as a framing coefficient to attach a 2-handle in the original proof of Turaev's reconstruction. It is also regarded as a generalized Euler number of an embedded surface in a 4-manifold. In the case where a 4-manifold is a D 2 -bundle over a surface F , the 4-manifold has a shadow F , and the Euler number of F coincides with the gleam coming from the above theorem. Now we introduce a way to calculate gleams from link projection. Let H be a 4-dimensional handlebody consisting of 0-handles and 1-handles, and M be a 4-manifold obtained from H by attaching 2-handles along a framed
Let Y be a shadow of H such that the gleams of regions of Y are all 0. We then project L onto Y in a regular position. Here π denotes the projection. By attaching a 2-disk D i to π(L i ) for each i ∈ {1, . . . , n}, we obtain a new simple polyhedron X, which is a shadow of M . The regions of this polyhedron other than the 2-disks D 1 , . . . , D n are subsets of Y .
• The gleam of D i coincides with the framing of L i with respect to the one induced from Y . More precisely, it is given as follows. Let L i denote the framing of L i . We may assume that the image of L i under π is parallel to π(L i ) on Y except for an arc α i ⊂ L i , and α i is sent so that its image has normal crossings with π(L i ). We assign an over/under information at each crossing point. Each has a sign canonically. Then the gleam of D i is given as the half of the total number of the positive crossings minus the total number of the negative ones.
• Let R be an internal region contained in Y ⊂ X. Then R might be adjacent to some crossing points of the link projection, or intersection points of Sing(Y ) and the link projection as shown in Figure 3 . Around these points, we provide local contributions to the gleam on R as shown in Figure 3 , and the gleam gl(R) is given as the sum of them. If R is not adjacent to a point as above, then gl(R) is zero.
2.4. Shadow-complexity. The shadow-complexity was first introduced by Costantino in [12] . He studied the shadow-complexity of closed 4-manifolds. Note that a shadow of a closed 4-manifold M is defined as a shadow of the union of 0-, 1-and 2-handles in a handle decomposition of M . Recall that a shadow of a 3-manifold N is a shadow of a 4-manifold bounded by N .
Definition 2.7. Let M be a 3-or 4-manifold having a shadow. Then the (special ) shadow-complexity of M is the minimal number of true vertices of a (special) shadow of M . Let sc(M ) and sc sp (M ) denote the shadowcomplexity of M and the special one, respectively.
Costantino [12] showed that the special shadow-complexity of a closed 4-manifold is 0 if and only if it is diffeomorphic to one of
We will investigate 3-manifolds having special shadow-complexity 0 in the proof of Proposition 4.2 and show that they are Seifert manifolds or connected-sums of lens spaces. Note that it is known that a 3-manifold has shadow-complexity 0 if and only if it is a graph manifold by Costantino and Thurston [13] . In the 4-dimensional case, Martelli [18] showed an analogue to the above result: a 4-manifold M has shadow-complexity 0 if and only if M is diffeomorphic to M # k CP 2 or M # k CP 2 for some k ≥ 0, where M is a "4-dimensional graph manifold" discussed in his paper.
As mentioned in the introduction, Costantino and Thurston [13, Theorems 3.37 and 5.5] discovered a splendid relation between shadow-complexity and geometry of 3-manifolds: There is a constant C such that
for any geometric 3-manifold N . Moreover, the first inequality holds for every 3-manifold. Here v tet = 1.01... and v oct = 3.66... are the volume of regular ideal tetrahedron and octahedron, respectively, and N denotes the Gromov norm of N . Costantino and Thurston also showed that the 3-manifold with boundary corresponding to a neighborhood of the singular set of a shadow admits a hyperbolic structure. By using hyperbolic Dehn filling, Ishikawa and Koda [16, Theorem 6.2] showed the following.
Theorem 2.8 (Ishikawa and Koda, [16] ). Let X be a special shadow of a 3-manifold N , and X has V true vertices. For a region R, let v(R) denote the number of true vertices adjacent to R counted with multiplicity.
Note that 4gl(R) 2 + v(R) 2 indicates the slope length of the Dehn filling corresponding to R.
Remark 2.9. In [16, Theorem 6.2], a shadow X is assumed to be equipped with a branching, which is a choice of a suitable orientation of each region. Their proof works even if X is not given a branching. Hence the theorem still holds without assuming a branching.
3. Cork C n,k and lemmas We prove Theorem 1.1 in this section. Let n be a positive integer and k be a nonnegative integer. For i ∈ {1, . . . , n} and j ∈ {1, . . . , n + 1}, define integers m i and l j to be and
2 4π 2 n − 1/4 − 1 (n : even and j = n) 4π 2 n − 1/4 + 1 (n : odd and j = n + 1)
where · is the ceiling function, that is, x = min{n ∈ Z | x ≤ n} for a real number x. Let C n,k be a 4-manifold given by the Kirby diagram shown in Figure 4 . We adopt a convention that a box with some integer m in a link diagram represents m full twists. We first show the following.
Lemma 3.1. The manifold C n,k is a cork of Mazur type.
Proof. We only have to check the conditions (1)-(3) in Proposition 2.3.
(1) The link pictured in Figure 4 is a 2-bridge link. Hence the components can exchange their positions by an isotopy of S 3 .
(2) The linking number of them is n+1 j=1 (−1) j l j = ±1 (for some choice of orientations). (3) Figure 5 shows a Kirby diagram of C n,k after changing the notation of the 1-handle to the ball-notation. The Thurston-Bennequin number of the attaching circle of the 2-handle is
The proof is completed.
We then give an upper bound of sc sp (C n,k ) by constructing a shadow of C n,k .
Proof. Figure 6 shows a Kirby diagram of C n,k obtained from one shown in Figure 5 by changing the notation of the 1-handle and adding n cancelling pairs. Then we see that C n,k admits a handle decomposition with one 0-handle, n + 1 1-handles and n + 1 2-handles. We now construct a shadow of C n,k . Let P be a simple polyhedron obtained from an annulus by attaching n pairs of pants to disjoint n simple closed curves as shown in Figure 7 . Then P is a shadow of the union of a 0-handle and 1-handles with respect to the above handle decomposition of C n,k . The attaching circles of the 2-handles are projected onto P as shown in Figure 7 . We attach n + 1 2-disks along these curves. The obtained polyhedron is simple. We denote this polyhedron by P . This polyhedron P is a shadow of C n,k . By collapsing along each boundary region of P , we obtain a special polyhedron P which is also a shadow of C n,k .
There are n+1 j=1 (l j − 1) + 6n true vertices in P . Two true vertices are adjacent to the boundary regions on the annulus, and 4 true vertices are adjacent to boundary regions on each pair of pants. Hence 4n + 2 true vertices in total vanishes by the collapsing. Therefore P has n+1 j=1 l j + n − 3 true vertices. The shadow-complexity of C n,k is bounded above by this number.
The next lemma gives a lower estimate of sc sp (C n,k ). n pairs of pants Figure 7 . The simple polyhedron P and curves that are the images of the attaching circles of the 2-handles. diffeomorphic, so we compute sc sp (∂C n,k ) by considering a shadow of M n,k . By adding 2n + 1 cancelling pairs of 1-and 2-handles, M n,k admits the diagram shown in Figure 8 -(b). We get the diagram shown in Figure 8 -(c) by an isotopy. We then construct a shadow of M n,k from 8-(c). Let Q be a simple polyhedron obtained from an (n + 1)-holed disk by attaching n pairs of pants to disjoint n simple closed curves as shown in Figure 9 . The union of a 0-handle and 1-handles retracts onto Q. Then the attaching circles of the 2-handles are projected onto Q as shown in Figure 9 . We denote them as follows:
• let c 1 and c 2 be the images of the two attaching circles whose framing coefficients are − n+1 j=1 l j ;
• let c 1,i be the image of the attaching circle whose framing coefficient is m i for i ∈ {1, . . . , n}; • let c 2,j be the image of the attaching circle whose framing coefficient is l j for j ∈ {1, . . . , n + 1}. Figure 9 . The shadow Q of M n,k and curves on Q corresponding to the 2-handles of M n,k .
T n,5 T n,4 T n,3 T n,1 T n,2 The number of the curves above is 2n + 3 in total. Then we attach 2n + 3 2-disks to these curves. Let D 1 , D 2 , D 1,i and D 2,j be the disks attached to the curves c 1 , c 2 , c 1,i and c 2,j , respectively. Let Q denote the obtained polyhedron. It has 9n true vertices.
The polyhedron Q has 10n + 5 internal regions and 3n + 2 boundary regions. As shown in Figure 10, • the (n + 1)-holed disk is divided into 3n + 2 internal regions S 0 , S 1 , . . . , S n+1 , S 1,1 , . . . , S 1,n , S 2,1 , . . . , S 2,n and n + 2 boundary regions, and • the pair of pants which c 1,i passes through is divided into 5 internal regions T i,1 , . . . , T i,5 and 2 boundary regions.
We then compute their gleams. The gleams on D 1 , D 1,i and D 2,j coincide with the framing coefficients corresponding to the 2-handles, but the gleam on D 2 does not since c 2 has a self-crossing point on each pair of pants. Thus we get Table 1 . According to the local contribution to gleams shown in Figure 3 , we obtain the gleams of the other internal regions as shown in Table 2 . By collapsing along boundary regions of Q , it becomes a special polyhedron, which we denote by Q . This polyhedron is a special shadow of M n,k , which has 2n + 3 internal regions, no boundary regions and 2n true vertices. Let R 1 , R 2 , R 1,i and R 2,j be the regions of Q containing D 1 , D 1,i and D 2,j , respectively. More precisely define
Taking the sums of the gleams of the subregions, we obtain Table 3 . Table 3 . The gleams of R * .
By using Theorem 2.8, we can determine the special shadow-complexity of ∂M n,k . Recall that v(R) is the number of true vertices adjacent to a region R with multiplicity. It is easily seen that
An easy computation shows that 4gl(R * ) 2 + v(R * ) 2 > 2π √ 2 · 2n for every region R * of Q . Hence sc sp (∂M n,k ) = sc sp (∂C n,k ) = 2n by Theorem 2.8. We finally show that there are infinite C n,k 's in the following. Figure 8 -(a) as a surgery diagram of ∂C n,k and as one of ∂C n,k by replacing m 1 with m 1 . Figure 11 -(a) shows a part of the diagram of ∂C n,k . A Rolfsen twist gives the diagram shown in 11-(b). Let K be the circle inserted by this change. The diagram in Figure  11 -(b) says that ∂C n,k is obtained from ∂C n,k by Figure 11 . A part of the surgery diagram of ∂C n,k .
l 1 full twists We then compute the Alexander polynomial ∆(t) of K ⊂ ∂C n,k . Note that ∂C n,k is an integral homology sphere since C n,k is contractible. Let F be a Seifert surface of K shown in Figure 12 , which is homeomorphic to a once-punctured torus. The curves α and β as shown in the figure generate H 1 (F ; Z), and the knot K has the Seifert matrix
Thus we have
The surgery formula for Casson invariant gives
This value is not zero since l 1 > 1, which completes the proof.
Remark 3.6. Lemma 3.5 can also be shown directly by Thurston's hyperbolic Dehn filling for sufficiently large k and k . Remark 3.7. In a private discussion, Ruberman suggested that other examples of corks with large shadow-complexity can be found by performing the boundary connected-sum of corks whose boundary has non-zero Gromov norm. For instance, the corks introduced in [20] whose shadow-complexity is 1 has hyperbolic boundary. Let C be one of them, and then the Gromov norm ∂C is not zero. It is easily seen that the boundary connected-sum n C of n copies of C is a cork, and n
There is a difference in "primeness" between the above example n C and C n,k in Theorem 1.1. Especially, n C is boundary-sum reducible, and C n,k is boundary-sum irreducible. Here an n-manifold M with boundary is said to be boundary-sum irreducible if M 1 or M 2 is homeomorphic to an n-ball for any decomposition M = M 1 M 2 [22] . The boundary-sum irreducibility of C n,k is shown by almost the same method as in [22] except the primeness of the boundary. In our case, the boundary ∂C n,k is a hyperbolic 3-manifold due to Theorem 2.8, and hence it is prime.
Complexity of exotic pairs
We recall that the (special) shadow-complexity of a pair of manifolds is defined by the maximum between their (special) shadow-complexities. In this section, we discuss the (special) shadow-complexity of exotic pairs of 4-manifolds with boundary.
Low complexity (nonspecial case).
We first give the proof of Theorem 1.3 which answers Question 1.2 (3).
Proof of Theorem 1.3. It is easily seen that both W 1 and W 2 have shadowcomplexity zero as follows. For each i = 1, 2, we first project the link shown in Figure 1 representing W i to a 2-disk, and then glue a 2-disk to each component of the link projection. The obtained polyhedron is a shadow of W i . It collapses along a single boundary region, and then it becomes a shadow of W i that has no true vertices. Thus sc(W i ) = 0.
We next check that W 1 and W 2 are exotic. The first diagram shown in Figure 13 represents W 1 . We perform Kirby calculus in the moves (a)-(e). The move (f) is a plug twist. A plug was introduced in [7] , and it gives rise to many exotic pairs like a cork. The pair related by the move (f) is one of them (see [7, Lemma 2.8 (3) for m = 1, n = 2]). We perform Kirby calculus again in the moves (g)-(j), and we obtain the last diagram which represents W 2 . Therefore W 1 and W 2 are exotic. The proof is completed.
Remark 4.1. The pair (W 1 , W 2 ) has special shadow-complexity at least 2 since their second Betti number is 3. Note that special polyhedra with at most 1 true vertex have second Betti number at most 2. 
Low complexity (special case). Next we discuss Question 1.2 (4).
There are three homeomorphism types X 1 , X 2 , X 3 of special polyhedra without true vertices. For i ∈ {1, . . . , 6}, let R i be a copy of a unit disk, and provide a polar coordinate (r i , θ i ) on R i . Then the polyhedra X 1 , X 2 , X 3 are defined as It is easy to see that
) and M (X 3 ;gl(R 4 ),gl(R 5 ),gl(R 6 )) be the 4-manifolds with boundary constructed from X 1 , X 2 and X 3 , respectively, by equipping with gleams gl(R 1 ), . . . , gl(R 6 ).
Proposition 4.2. Let l, m, n, l , m , n be integers and r, r be half integers.
(1) The following are equivalent:
The following are equivalent:
(i) M (X 2 ;n,r) and M (X 2 ;n ,r ) are homeomorphic, (ii) they are diffeomorphic, (iii) (n, r) = (n , r ), or n = n ± 4 and r = −r = ∓ (i) M (X 3 ;l,m,n) and M (X 3 ;l ,m ,n ) are homeomorphic, (ii) they are diffeomorphic,
a, a ∈ Z with a ≡ a (mod 2).
Proof.
(1) (iii)⇒(ii)⇒(i) is obvious. We assume (i) and prove (iii). For simplicity we write M and M instead of M (X 1 ;n) and M (X 1 ;n ) , respectively. ∂M ∼ = L(9, ∓4). Thus if n = n , then M and M are not homeomorphic. Note that ∂M ∼ = L(3, 1)#L(3, −1) for n = 0, and it is not Seifert fibered.
(2) (iii)⇒(ii)⇒(i) is easy. We prove (i)⇒(iii). For simplicity we write M and M instead of M (X 2 ;n,r) and M (X 2 ;n ,r ) , respectively. A Kirby diagram of M is pictured in Figure 15 -(a), and we obtain the diagram of M shown in Figure15-(b) by deleting a cancelling pair. Note that the box labeled r represents 2r times half twists. The diagram says that the intersection form of M is n+4r . Smilarly, the one of M is n +4r . Hence n+4r = n +4r from (i). On the other hand, we obtain a surgery diagram of the boundary ∂M shown in Figure15-(c) by replacing • with 0 and adding a cancelling pair. A slum-dunk gives the diagram shown in Figure15-(d) . It shows that ∂M is the Seifert fibered space S 2 (0; (2, 1), (n, 1), (2r, 1 2 − r)) for n = 0, and so is ∂M for n = 0.
Case n = 0, ±1 and r = ± 1 2 : The 3-manifold ∂M admits a unique Seifert fibering, and so is ∂M . Then possible cases are (n, 2r) = (n , 2r ) or (n, 2r) = (2r , n ). In the latter one, the intersection forms of M and M are n + 4r and n + 4r = 2n + 2r , respectively. It follows that n = 2r, and thus (n, 2r) = (n , 2r ).
Case n = 0, ±1 or r = ± 1 2 : In this case the boundary 3-manifold ∂M admits nonunique or no Seifert fiberings. Thus it follows that n = 0, ±1 or r = ± 1 2 . The topological types of ∂M is as follows: Now we assume that M is indefinite, then so is M and we have
and
Assume that µν = 0. This is equivalent to that ∂M is homeomorphic to S 3 from ∂M ∼ = L(µν − 1, µ). Thus if µ = 0, then we can assume µ = 0. In this case, the intersection form is isomorphic to 0 1 1 0 if ν is even, and 1 ⊕ −1 if ν is odd. Therefore ν ≡ ν (mod 2). Hence (l, m, n) = (±1, ∓1, a) and (l , m , n ) = (±1, ∓1, a ) or (∓1, ±1, a ) for some a, a ∈ Z with a ≡ a (mod 2). It follows that {l, m, n} = {1, −1, a} and {l , m , n } = {1, −1, a } for some a, a ∈ Z with a ≡ a (mod 2).
Assume that M is indefinite and (µ, ν) = (1, 1), (−1, −1). We then have (l, m, n) = (±1, ∓2, ∓2) or (l, m, n) = (±1, 0, 0). In either case, the intersection form of M is isomorphic to 1 ⊕ 0 or −1 ⊕ 0 . Note that (µ, ν) = (1, 1), (−1, −1) if and only if ∂M is homeomorphic to S 2 ×S 1 . Then we have (µ , ν ) = (1, 1) or (−1, −1) from ∂M ∼ = L(µ ν − 1, µ ). It follows that
• {l, m, n} = {l , m , n }, • {l, m, n} = {±1, ∓2, ∓2} and {l , m , n } = {∓1, 0, 0}, or • {l, m, n} = {∓1, 0, 0} and {l , m , n } = {±1, ∓2, ∓2}. We next consider the case where M is indefinite and µν < 0. Then µ ν < 0. Since the boundaries L(µν − 1, µ) and L(µ ν − 1, µ ) are homeomorphic, it follows that µν = µ ν , and µ ≡ µ or µµ ≡ 1 (mod
Hence {µ, ν} = {µ , ν }. Therefore
• {l, m, n} = {l , m , n }, or • {l, m, n} = {±1, a, b} and {l , m , n } = {∓1, a ± 2, b ± 2} for some a, b ∈ Z. We turn to the case where M and M are positive definite. Then we have µ, ν > 0 and µ , ν > 0. In the same way as above, we have
• {l, m, n} = {l , m , n }, or • {l, m, n} = {±1, a, b} and {l , m , n } = {∓1, a ± 2, b ± 2} for some a, b ∈ Z. The proof for the case of negative definite is also similar.
Case |l|, |m|, |n| ≥ 2 : The boundary 3-manifold ∂M has a unique Seifert fibering. Then we have {l, m, n} = {l , m , n }, which completes the proof.
Costantino gave an upper estimate to the answer of Question 1.2 (4) with manifolds shown in Figure 17 . These manifolds has been known to be exotic by Akbulut [1] . He mentioned that M 1 and M 2 have special shadowcomplexity at most 1 and 3, respectively. Thus the upper estimate is 3. We can easily strengthen this by Kirby calculus. The move (a) in Figure  17 is creating a cancelling pair, and the move (b) is an isotopy. Then it is immediate that M 2 has special shadow-complexity at most 2. Combining this result and Proposition 4.2 gives Theorem 1.4.
4.3.
Large complexity. Here we show two lemmas to prove Corollary 1.6. Let W n,k (resp. W n,k ) be the 4-manifold obtained from C n,k by attaching a 2-handle with −1 framing along a meridian of the dotted circle (resp. the 0-framed circle) in the Kirby diagram pictured in Figure 4 . Proof. The manifolds W n,k and W n,k have Kirby diagrams as shown in Figures 18 -(a) and 19-(a), respectively. Form the diagrams we see that each of W n,k and W n,k admits a handle decomposition with a 0-handle, n + 1 1-handles and n + 2 2-handles. We first construct a shadow of W n,k by a similar way to one in the proof of Lemma 3.2. The union of the 0-handle and the 1-handles of W n,k has a shadow P considered in the proof of Lemma 3.2. Figure 18 -(b) shows this polyhedron P with n + 2 curves corresponding to the attaching circle of the 2-handles of W n,k . By attaching n + 2 2-disks to these curves on this polyhedron, we obtain a shadow of W n,k . Let us denote this polyhedron by X. It has n+1 j=1 (l j − 1) + 6n true vertices, and 4n + 1 among them are adjacent to boundary regions. Since the special polyhedron obtained from X by collapsing along all boundary regions of X is also a shadow of W n,k , we have sc sp (W n,k ) ≤ n+1 j=1 l j + n − 2.
We next construct a shadow of W n,k . The diagram pictured in Figure  19 -(a) changes to the one pictured in Figure 19 Figure 5 up to framing coefficient, and hence it has the same shadow P as of C n,k . Thus W n,k has a shadow P with a bubble as shown in the left part of Lemma 4.4. 2n ≤ sc sp (W n,k , W n,k ).
Proof. Figure 19 -(b) implies that the 3-manifold ∂W n,k ( ∼ = ∂W n,k ) is obtained by the Dehn surgery along the link shown in Figure 8 -(a) with coefficients 1 and 0. By the same method as in Lemma 3.3, this 3-manifold also has a shadow Q with the same gleams except for gl(R 1 ) = 1 − n+1 j=1 l j (using the same notation as in the proof of Lemma 3.3). These gleams still satisfy the condition of Theorem 2.8, and thus the 3-manifold has special shadow-complexity 2n.
